Abstract. We prove that a finite group is rational if and only if it has a set of permutation characters which separate conjugacy classes. It follows from this that a finite group is rational if and only if it has a representation as a permutation group in which any two elements fixing the same number of letters are conjugate.
Rational Groups
A group G is said to be a rational group if for all g ∈ G and for all complex irreducible characters χ of G, χ(g) is a rational real number. The word "irreducible" is not necesssary in the definition; a finite group is rational if and only if all complex characters (not just the irreducible ones) are rational valued. Since character values for any finite group are known to be complex algebraic integers, it follows that the character values of a rational group are actually rational integers, and so for a rational group, we have the unusual situation that the character table consists entirely of integers.
The finite Coxeter groups of type A n , B n , D n , E 6 , E 7 , E 8 , F 4 , and G 2 (which include the finite symmetric groups Sym(n)), are rational groups. Rod Gow [4] has shown that only Z 2 , Z 3 , and Z 5 can arise as composition factors of a finite solvable rational group. Walter Feit and Gary Seitz [3] have shown that the only nonabelian groups which occur as composition factors of a finite rational group are Alt(n), P Sp(4, 3), Sp(6, 2), O + (8, 2) ′ , P SL(3, 4), and P SU (4, 3). It follows from this that the only non-trivial finite simple rational groups are Z 2 of order 2, Sp(6, 2) of order 1, 451, 520 = 2 9 · 3 4 · 5 · 7, and O + (8, 2) ′ of order 174, 182, 400 = 2
. One condition equivalent to rationality for finite groups is the following: (See, for example, [5] or [2] .) If a finite group G acts on a finite set Ω, we can define a function θ : G → C by θ(g) = |F ix(g)| = |{α ∈ Ω : gα = α}|. θ(g) counts the number of fixed points of g in Ω. This function is a character of G because if we let V be a complex vector space with basis Ω, and extend the action of G linearly to V we obtain a G-module affording θ. In particular, if H is a subgroup of G, then G acts transitively on the set of left cosets xH of H in G by left multiplication. If we let 1 0 H : G → Z denote the characteristic function of H, defined on G by having value 1 on H and 0 off H, then the character afforded by this action which counts the number of fixed cosets is also the induced character 1
Notice that 1 G H (x) = 0 if and only if x is not conjugate to any element of H. Definition 1.2. Let G be a group, S a non-empty set, and let {f i : i ∈ I} be a set of class functions, f i : G → S (that is, for every i, if g and h are conjugate in G, then f i (g) = f i (h), so that each f i is constant on conjugacy classes of G). We say that the set {f i : i ∈ I} of functions separates conjugacy classes of G if whenever g and h are in distinct conjugacy classes of G, then there exists an i such that
Remark 1.3. Note that a permutation character of G separates conjugacy classes of G if and only if the permutation representation affording that character has the property that any two elements of G fixing the same number of letters are conjugate in G.
. G acts by conjugation on its three involutions, and the permutation character of this action separates conjugacy classes, because the identity fixes three letters, the conjugacy class of 2-cycles fix one letter, and the conjugacy class of 3-cycles fix no letters. Remark 1.5. Let G = Sym(4). G has exactly two classes 2 1 and 2 2 of involutions composed of the odd and even involutions, respectively. Let Ω be the union of these two classes. Thus, |Ω| = 9. G acts by conjugation on Ω, and the permutation character θ of this action separates conjugacy classes. We can explicitly describe θ as θ(g) = the number of involutions in C G (g). (In contrast, notice that the natural permutation character of Sym(4) on 4 letters does not separate conjugacy classes, since both a 4-cycle and its square fix no letters, but are not conjugate in Sym(n)).
The purpose of this note is to prove the following: Theorem 1.6. Let G be a finite group, and let S = {g 1 , g 2 , g 3 , ..., g k } be a complete set of representatives of the conjugacy classes of G. Then the following are equivalent:
(1) G is a rational group. 
(4) G has a permutation character which separates the conjugacy classes of G. (That is, G has a permutation representation such that any two elements of G fixing the same number of letters are conjugate in G.)
We will prove the theorem using the following four lemmas: Lemma 1.7. Let G be a rational group, and let S = {g 1 , g 2 , g 3 , ..., g k } be a complete set of representatives of the conjugacy classes of G. Then permutation characters {1
G <gi> : i = 1, 2, ..., k} separate conjugacy classes of G. Proof. Assume that G is a rational group. Let g and h be elements of G which are not conjugate. We want to show that there exists a permutation character 1 G <gs> in the set {1 G <g> , and we would be done. So assume that h is conjugate to some element h ′ of < g >. Since g and h ′ are not conjugate, Lemma 1.1 tells us that h ′ is not a generator of < g >, and so the order of g is greater than the order of h ′ , which is the same as the order of h. Therefore, g is not conjugate to any element of < h >. Therefore, 1 Proof. By assumption, we can let H = {< g i >: i = 1, 2, ..., k}, since this is a finite collecton of subgroups of G, and the permutation characters {1 Proof. Let G be a finite rational group and assume that G has a finite collection H = {H 1 , H 2 , H 3 , ..., H n } of subgroups such that the permutation characters {1 G H : H ∈ H} separate conjugacy classes of G. Let S = {g 1 , g 2 , g 3 , ..., g k } be a complete set of representatives of the conjugacy classes of G.
and H ∈ H}, so M ∈ Z and M ≥ 1. Let K be an integer greater than M . We claim the permutation character
Hn separates conjugacy classes of G. To see this, let g and h be elements of G and assume that θ(g) = θ(h). We want to show that g and h are conjugate in G. By definition of θ,
By the definition of character addition, it follows that Since g and h are conjugate to elements g i and g j (respectively) in S, it follows that for every H ∈ H we have every rational valued class function on G can be written as a Q-linear combinaton of {1 G gi , i = 1, ..., k}. In particular, every character of a rational group G can be written as a Q-linear combination of characters induced from identity representations of cyclic subgroups. In this sense, Theorem 1.6 may be viewed as a type of "Artin's Theorem" for finite rational groups.
